Abstract-This paper proposes an extended Stokes-Dirac structure for describing a global structure of port-Hamiltonian systems defined on manifolds with non-trivial topology under consistent boundary conditions. For the aim, the relationship between the Stokes-Dirac structure and the topological geometry of the manifolds is clarified in terms of harmonic differential forms.
I. INTRODUCTION
A port-Hamiltonian system [1] is one of most essential system representations for modeling and controlling complex physical systems. The systems are defined by particular variable pairs called ports for an input and an output called effort and flow, respectively. The product of an effort and the corresponding flow has the physical dimension of power, i.e., the time derivative of energy. The sum of the products of all pairs is equivalent to the time derivative of the total energy of a given system, i.e., Hamiltonian. Since the energy can be considered as a Lyapunov function of the system, it becomes that much easier to analyze stability. Thus, various control methods using energy balances at ports, e.g., passivity-based controls [1] , [2] , have been proposed.
Port-Hamiltonian systems are extended to systems governed by partial differential equations, and it is called a distributed port-Hamiltonian system [2] - [4] . In the system, ports are defined on boundaries of control system domains. Then, the energy balance is considered on the boundary ports. As a remarkable property of the distributed systems, an internal energy variation can be transformed to a boundary energy variation in the sense of Stokes theorem. This boundary integrability can be formulated by a particular case of Dirac structures called the Stoke-Dirac structure [4] , [5] , where the Dirac structure is a generalized concept of Poisson and Symplectic structures.
As another benefit of the port-Hamiltonian systems, physical network systems can be described as a global portHamiltonian systems consisting of local systems interconnected with each through ports. In the case of distributed systems, the interconnections is realized by boundary ports, and it yields fields of energy flows on their system domains. bernhard.maschke@univ-lyon1.fr
The purpose of this paper is to specify effect of the topology of the energy field on the boundary energy balance. In particular, the relationship between the Stokes-Dirac structure and the topological geometry of the energy field on manifolds is clarified. Differential forms used for defining the structure are affected by the shape of the manifold according to the Hodge theorem [6] . The original Stokes-Dirac structure has been defined on a domain with a trivial topology.
This paper is organized in the following sections. In the second section, the definition of manifolds with boundary, differential forms on the manifolds are introduced from a typical notation in topological geometry. The third section explains that, from these definitions, the Hodge-Morrey decomposition [7] , which is an extended Hodge-Kodaira decomposition [6] for closed manifolds, can be considered on manifolds with boundary. Harmonic differential forms must be considered on manifolds with non-trivial topology, and the topology of the manifolds can be characterized by the harmonic forms given by the Hodge-Morrey decomposition. Moreover, the harmonic forms can be classified as tangent or orthogonal by Friedrichs decomposition [7] . As a result, the fourth section shows that an essential property of an extended Stokes-Dirac structure for defining distributed portHamiltonian systems on manifolds with non-trivial topology can be derived from our previous results [5] .
II. MATHEMATICAL PRELIMINARY
The mathematical notation of this paper follows the reference [7] . Some basic concepts are explained in [6] . 
A. Manifold with boundary
Then, the boundary of M is defined by
where u a may be different for each a ∈ A. 
B. Differential forms on boundary
In the same way of the decomposition of vector fields (see Section V-A) on ∂M , we can define
for k ≥ 1, and tω = ω for k = 0. Proposition 2.1: The tangential component tω is uniquely determined by the pull-back ι
, and the co-differential operator δ :
Let M be ∂-manifold, and let F be a normal frame on U ⊂ M . Then, the normal and tangential components of ω ∈ Ω k (M ) are adjoint to each other in the sense of Hodge operator * :
e., * (nω) = t( * ω), and * (tω) = n( * ω). Moreover, t(dω) = d(tω), and n(δω) = δ(nω) hold.
Definition 2.3: The Sobolev spaces
W 0,p Ω k (M ) and W s,2 Ω k (M ) (see Section V-B) are denoted by L p Ω k (M ) and H s Ω k (M ), respectively.
III. IMPORTANT KNOWN RESULTS FOR DECOMPOSITIONS OF DIFFERENTIAL FORMS
Some useful results on the topological geometry of manifolds with boundary are introduced from the reference [7] .
A. Hodge decomposition on manifolds with boundary
For differential forms on manifolds with boundary, the following well-known relation holds.
Theorem 3.1 (Stokes theorem):
For all ω ∈ W 1,1 Ω n−1 (M ) on a ∂-manifold M with compact boundary ∂M , M dω = ∂M ι * ω.(5)
Theorem 3.2 (Green formula): Let us consider
The spaces of ω that vanish tangential or normal components are defined by
Then, the subspaces
are called Dirichlet and Neumann fields, respectively. If
The subspaces of exact and co-exact k-forms with vanishing tangential and normal component in
where
. When ∂M = ∅, the Hodge-Morrey decomposition includes the Hodge-Kodaira decomposition for compact manifolds.
Theorem 3.4 (Friedrichs decomposition):
The space
where the subspaces of H k (M ), i.e., the subspaces of exact harmonic and co-exact harmonic fields have been defined as follows:
These decompositions are valid for W s,p H k (M ), where s ∈ N 0 , and p ≥ 2.
B. De Rham complex on manifolds with boundary
The de Rham complex consists of the set of the space of differential forms and the exterior derivative. The cohomology of the complex is related with the topology of manifolds through harmonic forms according to Hodge theorem.
This section explains the relationship between the de Rham complex and the previously discussed particular subspaces of harmonic forms on ∂-manifolds obeying boundary conditions. Definition 3.3:
where the exterior derivative d for k-forms is denoted by
, and the spaces of all closed k-forms and all exact k-forms are defined by the cycle
IV. MAIN RESULTS

A. Overview of extension of Stokes-Dirac structures in terms of topological geometry
The port-Hamiltonian representation of distributed parameter systems is derived from the Stokes-Dirac structure [4] . The Stokes-Dirac structure is one of Dirac structures that are a generalized symplectic and Poisson, and it inherits boundary integrability from the Stokes theorem [6] . Therefore, the Stokes-Dirac structure clarifies the relationship between variables distributed on an internal system domain and variables restricted on its boundary in the sense of boundary integration. Thus, a power balance equation on the boundary can be introduced from the relation, and it can be used for boundary energy controls of distributed parameter systems [2] .
In this methodology, the system domain is assumed to be contractible, i.e., it can be continuously shrunk to a point just like a Euclidian space. Then, the boundary is considered as smooth regions surrounding the domain. In other words, such a domain with the boundary is called homeomorphic to a point that means the simplest case of the shape of manifolds, so to say, topologically trivial (e.g., a donut or a cup with a handle is not trivial). In general, the shapes of system domains and their boundaries are complex. One of understandable examples is an electrical circuit that may include non-contractible loops by regarding electrical devices and wirings as systems on 1-dimensional domains. In such a case, constraints that are Kirchhoff's laws must be additionally considered for describing interconnections.
This paper attempts to extend the domain of Stokes-Dirac structures to be more general shape. Then, conditions that dynamics defined on domains with non-trivial topologies must satisfy in their port-representations and interconnections are clarified. In such an extension, a particular differential form, called a Harmonic form plays a central role, and the form is closely related with the topology of manifolds. Simply speaking, harmonic forms reflect the shape of manifolds through their (co)homology groups [6] .
A harmonic form ω is defined by dω = 0 and δω = 0 (see Definition 2.2), and it is included in differential forms defined on manifolds with a non-trivial topology. We shall first see a more basic result than Theorem 3.3 for manifolds with boundary. Indeed, according to the Hodge decomposition on a compact manifold without boundary, an arbitrary k-form ω ∈ Ω k (M ) can be written as
, and (dδ + δd) ω H = 0. Harmonic forms are a generalization of harmonic functions that means solutions of Poisson equations at equilibrium in, e.g., eigenvalue problems of elliptic partial differential equations. Actually, Δ = dδ + δd is called a Laplacian.
On the other hand, the topology of manifolds is described by homology and cohomology. For instance, one of invariances of manifolds, the Euler number χ(M ) = n i=0 (−1) i β i can be calculated by the Betti number β k = dim H k (M ), where the dimension of the homology H k (M ) means the number of the k-dimensional cycles in M , the cycle is a chain consisting of k-simplexes without boundary, and simplexes are elemental figures for dividing a whole figure, e.g., points, line segments, triangles, and higherdimensional counterparts.
From the above discussion, one might immediately guess the followings:
• The Stokes-Dirac structures on general manifolds should include harmonic forms affected by a non-trivial topology.
• Moreover, the harmonic forms may correspond with flows of vector fields or differential forms.
• As a further consideration, one of important properties as a port-representation, port-interconnections may change the topology of system domains. These are actually true, and answers to the first and second questions will be shown in the following sections. Consequently, a global port-interconnection and decomposition for preserving information regarding a global energy flow on a whole domain is derived from harmonic forms, and it will be possible that this concept is applied to attaching extra domains with dynamics for a global energy flow shaping.
B. Stokes-Dirac structures on manifolds with boundary
We shall first recall the Stokes-Dirac structure. Let N be an n-dimensional Riemannian manifold. Consider a compact oriented subdomain M ⊂ N with a boundary ∂M . Now, we assume that M is a ∂-manifold (see Definition 2.1). The purpose of this assumption is to subdivide fields of vectors and differential forms into two types, i.e., normal and tangential components that are related with two different harmonic forms (see Definition 3.1). Note that this change doesn't affect the Stokes-Dirac structure itself, because the restriction ω| M (and ω| ∂M ) for differential forms ω ∈ Ω k (N ) can be treated in the same way of the conventional case [4] , [6] ; therefore, we denote ω| M by ω simply. The Stokes-Dirac structure on M can be implicitly described in the following [5] :
with the boundary port
where r = pq + 1, we have defined the spaces of exact and co-exact forms as
is the codifferential operator that is the adjoint of d in the sense of the pairing ω, η = M ω ∧ * η, and * :
is the Hodge star operator. Then, the power balance of the Hamiltonian H of a given system is given as
The correspondence between variables in (28) and a Hamiltonian is omitted here, and we concentrate our interest on its geometrical property.
C. Stokes-Dirac complex and cohomology
The spaces used in the definition of the Stokes-Dirac structure are related with each other as the following diagram.
Definition 4.1:
The relation between the spaces of the variables in the Stokes-Dirac structure (24) on M can be illustrated by the following diagram [5] :
Then, we call the above two parallel sequences that are equivalent to short exact sequences of the de Rham complex the Stokes-Dirac complex: 
We have used the isomorphisms in Theorem 3.5 and Corollary 3.6, where p − 1 = n − q and q − 1 = n − p.
D. Harmonic forms in Stokes-Dirac structures
In this section, the relation between the standard StokesDirac structure and harmonic forms is clarified.
The following inner product is equivalent to the pairing between Hodge dual differential forms, ω ∈ Ω i (M ) and η ∈ Ω n−i (M ), used for defining effort and flow variables in distributed port-Hamiltonian systems.
Lemma 4.2:
The following transformation of the inner product is derived from Green formula (3.2):
for {i, j} ∈ {{p, q}, {q, p}}, where
We have used the relation in Proposition 2.1. Proposition 4.3: The boundary term in the power balance equation (28) is extended that on a ∂-manifold M as follows:
where 
obtained from the decomposition (33). Indeed, the formula (31) admits the expression
The sum of two appropriate inner products (31) yield the boundary term in the last equation in the same manner of the proof of the standard Stokes-Dirac structure [4] .
Theorem 4.4: Consider the Stokes-Dirac structure on a
, and e q ∈ Ω p−1 (M ). Then, there exist the harmonic forms
We call the boundary integrations (34) and (35) harmonic boundary energy flows, and λ p and λ q harmonic boundary energy variables.
Proof: Then, the first term of the right-side in (32) corresponds to the conventional boundary energy flow, the second is the new boundary energy related with the topology of M . [7] that is an alternate homological classification of manifolds with boundary. Indeed, because
as we have seen, the same result can be obtained from the both.
V. EXAMPLE
A. Homology and harmonic vector fields
The homology of M can be detected by harmonic forms as we have seen before. From the viewpoint of topology, the homology group H i (M ) can be interpreted, e.g., in the case n = 3 as follows:
• H 0 (M ) · · · The vector space generated by equivalence classes of points in M such that two points are equivalent if there exists a path connecting the points in M . •
Because vector fields can be identified with 1-forms on manifolds, the above decomposition of differential forms affects the vector fields.
Theorem 5.1 ( [12] ): Let M be a compact domain with a smooth boundary ∂M in three-dimensional space. Let X(M ) be the infinite dimensional vector space of all vector fields in M . Consider L 2 inner product v, w = M v · w dx for any v, w ∈ X(M ), where dx is the volume form on M . The space X(M ) is the direct sum of the following mutually orthogonal subspaces:
where v ∈ X(M ), ϕ ∈ C ∞ (M ),
which are called knots and gradients, respectively, and n means unit vector fields normal to ∂M . Furthermore, the subspaces
which are respectively called harmonic knots and harmonic gradients, directly relate to the topology of M as follows: 
